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The subnormal structure of classical-like groups
over commutative rings
Raimund Preusser
Abstract
Let n be an integer greater than or equal to 3 and pR,∆q a Hermitian form
ring where R is commutative. We prove that if H is a subgroup of the odd-
dimensional unitary group U2n`1pR,∆q normalised by a relative elementary
subgroup EU2n`1ppR,∆q, pI,Ωqq, then there is an odd form ideal pJ,Σq such
that EU2n`1ppR,∆q, pJI
k,ΩJI
k
min
.
`Σ˝Ikqq ď H ď CU2n`1ppR,∆q, pJ,Σqq where
k “ 12 if n “ 3 respectively k “ 10 if n ě 4. As a conseqence of this result
we obtain a sandwich theorem for subnormal subgroups of odd-dimensional
unitary groups.
1 Introduction
Recall that if H is a subgroup of a group G and d is a nonnegative integer, then one
writes H⊳dG if H “ H0⊳H1⊳ ¨ ¨ ¨⊳Hd´1⊳Hd “ G for some subgroups H1, . . . , Hd´1
of G. If H ⊳d G for some d, then H is called a subnormal subgroup of G. In 1972, J.
Wilson [10] proved that if H ⊳d GLnpRq where n ě 3 and R is a commutative ring,
then there is an ideal I such that
EnpR, I
kq ď H ď CnpR, Iq (1)
where k “ 88p28
d´1q´7
27
if n “ 3 resp. k “ 7
d´1
6
if n ě 4. In (1), EnpR, I
kq denotes the
relative elementary subgroup of level Ik and CnpR, Iq the full congruence subgroup
of level I. Wilson’s result was subsequently improved by L. Vaserstein [6, 7] and N.
Vavilov [8]. For more information on the general linear case we refer the reader to
the introduction in [9].
A natural question is if similar results hold for other classical and classical-like
groups. The (even-dimensional) hyperbolic unitary groups U2npR,Λq were defined
by A. Bak in 1969 [1]. They embrace the classical Chevalley groups of type Cm
and Dm, namely the even-dimensional symplectic and orthogonal groups Sp2npRq
and O2npRq. In 2006, Z. Zhang [12] obtained a “sandwich” result similar to (1) for
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subnormal subgroups of stable hyperbolic unitary groups UpR,Λq “ limÝÑně1U2npR,Λq.
In 2012, H. You [11] obtained a sandwich result for subnormal subgroups of nonstable
hyperbolic unitary groups.
In 2018, A. Bak and the author [2] defined odd-dimensional unitary groups U2n`1pR,
∆q. These groups generalise the even-dimensional unitary groups U2npR,Λq and em-
brace all classical Chevalley groups. In this article we prove that if H⊳dU2n`1pR,∆q
where pR,∆q is a commutative Hermitian form ring and n ě 3, then there is an odd
form ideal pI,Ωq such that
EU2n`1ppR,∆q, pI
k,ΩI
k
min
.
` Ω ˝ Ik´1qq ď H ď CU2n`1ppR,∆q, pI,Ωqq (2)
where k “ 12
d´1
11
if n “ 3 resp. k “ 10
d´1
9
if n ě 4, see Theorems 43 and 49. For
the even-dimensional unitary groups this improves the result obtained by You in [11].
Moreover, we obtain our result (2) only by straightforward computations, without
using localisation.
The rest of the paper is organised as follows. In Section 2, we recall some standard
notation that is used throughout the paper. In Section 3, we recall the definitions of
the groups U2n`1pR,∆q and some important subgroups. In Section 4, we define the
lower and upper level of a subgroup H ď U2n`1pR,∆q. In Section 5, we prove our
main results for the groups U7pR,∆q, namely Theorems 41, 42 and 43. In Section 6,
we prove our main results for the groups U2n`1pR,∆q, n ě 4, namely Theorems 47,
48 and 49.
2 Notation
N denotes the set of all positive integers. If G is a group and g, h P G, we let
gh :“ h´1gh, hg :“ hgh´1 and rg, hs :“ ghg´1h´1. By a ring we mean an associative
ring with 1 such that 1 ‰ 0. By an ideal we mean a two-sided ideal. If n P N and R
is a ring, then the set of all n ˆ n matrices with entries in R is denoted by MnpRq.
If a P MnpRq, we denote the entry of a at position pi, jq by aij , the i-th row of a by
ai˚ and the j-th column of a by a˚j. The group of all invertible matrices in MnpRq
is denoted by GLnpRq and the identity element of GLnpRq by e. If a P GLnpRq, then
the entry of a´1 at position pi, jq is denoted by a1ij , the i-th row of a
´1 by a1i˚ and the
j-th column of a´1 by a1˚j . Furthermore, we denote by
nR the set of all row vectors of
length n with entries in R and by Rn the set of all column vectors of length n with
entries in R. We consider nR as left R-module and Rn as right R-module.
3 Odd-dimensional unitary groups
We describe Hermitian form rings pR,∆q and odd form ideals pI,Ωq first, then the
odd-dimensional unitary group U2n`1pR,∆q and its elementary subgroup EU2n`1pR,∆q
over a Hermitian form ring pR,∆q. For an odd form ideal pI,Ωq, we recall the
definitions of the following subgroups of U2n`1pR,∆q; the preelementary subgroup
EU2n`1pI,Ωq of level pI,Ωq, the elementary subgroup EU2n`1ppR,Λq, pI,Ωqq of level
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pI,Ωq, the principal congruence subgroup U2n`1ppR,Λq, pI,Ωqq of level pI,Ωq, the
normalised principal congruence subgroup NU2n`1ppR,Λq, pI,Ωqq of level pI,Ωq, and
the full congruence subgroup CU2n`1ppR,Λq, pI,Ωqq of level pI,Ωq.
3.1 Hermitian form rings and odd form ideals
First we recall the definitions of a ring with involution with symmetry and a Hermitian
ring.
Definition 1. Let R be a ring and
¯: RÑ R
x ÞÑ x¯
an anti-isomorphism of R (i.e. ¯ is bijective, x` y “ x¯` y¯, xy “ y¯x¯ for any x, y P R
and 1¯ “ 1). Furthermore, let λ P R such that x¯ “ λxλ¯ for any x P R. Then λ is
called a symmetry for ¯, the pair p¯ , λq an involution with symmetry and the triple
pR, ¯ , λq a ring with involution with symmetry. A subset A Ď R is called involution
invariant iff x¯ P A for any x P A. A Hermitian ring is a quadruple pR, ¯, λ, µq where
pR, ¯ , λq is a ring with involution with symmetry and µ P R is a ring element such
that µ “ µ¯λ .
Remark 2. Let pR, ¯ , λ, µq be a Hermitian ring.
(a) It is easy to show that λ¯ “ λ´1.
(b) The map
¯
: RÑ R
x ÞÑ x
¯
:“ λ¯x¯λ
is the inverse map of ¯. One checks easily that pR,
¯
, λ
¯
, µ
¯
q is a Hermitian ring.
Next we recall the definition of an R‚-module.
Definition 3. If R is a ring, let R‚ denote the underlying set of the ring equipped with
the multiplication of the ring, but not the addition of the ring. A (right) R‚-module
is a not necessarily abelian group pG,
.
`q equipped with a map
˝ : GˆR‚ Ñ G
pa, xq ÞÑ a ˝ x
such that the following holds:
(i) a ˝ 0 “ 0 for any a P G,
(ii) a ˝ 1 “ a for any a P G,
(iii) pa ˝ xq ˝ y “ a ˝ pxyq for any a P G and x, y P R and
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(iv) pa
.
` bq ˝ x “ pa ˝ xq
.
` pb ˝ xq for any a, b P G and x P R.
LetG andG1 beR‚-modules. A group homomorphism f : GÑ G1 satisfying fpa˝xq “
fpaq˝x for any a P G and x P R is called a homomorphism of R‚-modules. A subgroup
H of G which is ˝-stable (i.e. a ˝ x P H for any a P H and x P R) is called an R‚-
submodule. Moreover, if A Ď G and B Ď R, we denote by A ˝ B the subgroup of G
generated by ta ˝ b | a P A, b P Bu. We treat ˝ as an operator with higher priority
than
.
`.
An important example of an R‚-module is the Heisenberg group, which we define
next.
Definition 4. Let pR, ¯ , λ, µq be a Hermitian ring. Define the map.
.
` : pR ˆRq ˆ pR ˆRq Ñ R ˆR
ppx1, y1q, px2, y2qq ÞÑ px1, y1q
.
` px2, y2q :“ px1 ` x2, y1 ` y2 ´ x¯1µx2q.
Then pR ˆ R,
.
`q is a group, which we call the Heisenberg group and denote by H.
Equipped with the map
˝ : pR ˆRq ˆR‚ Ñ R ˆR
ppx, yq, aq ÞÑ px, yq ˝ a :“ pxa, a¯yaq
H becomes an R‚-module.
Remark 5. We denote the inverse of an element px, yq P H by
.
´px, yq. One checks
easily that
.
´px, yq “ p´x,´y ´ x¯µxq for any px, yq P H.
In order to define the odd-dimensional unitary groups we need the notion of a
Hermitian form ring.
Definition 6. Let pR, ¯ , λ, µq be a Hermitian ring. Let pR,`q have the R‚-module
structure defined by x ˝ a “ a¯xa. Define the trace map
tr : HÑ R
px, yq ÞÑ x¯µx` y ` y¯λ.
One checks easily that tr is a homomorphism of R‚-modules. Set
∆min :“ tp0, x´ xλq | x P Ru
and
∆max :“ kerptrq.
An R‚-submodule ∆ of H lying between ∆min and ∆max is called an odd form pa-
rameter for pR, ¯ , λ, µq. Since ∆min and ∆max are R
‚-submodules of H, they are
respectively the smallest and largest odd form parameters. A pair ppR, ¯, λ, µq,∆q is
called a Hermitian form ring. We shall usually abbreviate it by pR,∆q.
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Next we define an odd form ideal of a Hermitian form ring.
Definition 7. Let pR,∆q be a Hermitian form ring and I an involution invariant
ideal of R. Set Jp∆q :“ ty P R | Dz P R : py, zq P ∆u and I˜ :“ tx P R | Jp∆qµx Ď Iu.
Obviously I˜ and Jp∆q are right ideals of R and I Ď I˜. Moreover, set
ΩI
min
:“ tp0, x´ x¯λq | x P Iu
.
`∆ ˝ I
and
ΩImax :“ ∆X pI˜ ˆ Iq.
An R‚-submodule Ω of H lying between ΩI
min
and ΩI
max
is called a relative odd form
parameter of level I. Since ΩImin and Ω
I
max are R
‚-submodules of H, they are respec-
tively the smallest and the largest relative odd form parameters of level I. If Ω is
a relative odd form parameter of level I, then pI,Ωq is called an odd form ideal of
pR,∆q.
Definition 8. Let pR,∆q be a Hermitian form ring where R is commutative. Let
pI,Ωq be an odd form ideal of pR,∆q and J an involution invariant ideal of R. We
define pI,Ωq ˚ J as the odd form ideal pIJ,ΩIJ
min
.
` Ω ˝ Jq. Furthermore, we define
pI,Ωq : J as the odd form ideal pI : J,ΩI:J
min
.
` tα P ΩI:J
max
| α ˝ J Ď Ωuq where
I : J “ tx P R | xJ Ď Iu is the usual quotient of ideals.
3.2 The odd-dimensional unitary group
Let pR,∆q be a Hermitian form ring and n P N. SetM :“ R2n`1. We use the following
indexing for the elements of the standard basis of M : pe1, . . . , en, e0, e´n, . . . , e´1q.
That means that ei is the column whose i-th coordinate is one and all the other
coordinates are zero if 1 ď i ď n, the column whose pn ` 1q-th coordinate is one
and all the other coordinates are zero if i “ 0, and the column whose p2n` 2` iq-th
coordinate is one and all the other coordinates are zero if ´n ď i ď ´1. If u P M ,
then we call pu1, . . . , un, u´n, . . . , u´1q
t P R2n the hyperbolic part of u and denote it
by uhb. We set u
˚ :“ u¯t and u˚
hb
:“ u¯t
hb
. Moreover, we define the maps
B : M ˆM Ñ R
pu, vq ÞÑ u˚
¨˝
0 0 π
0 µ 0
πλ 0 0
‚˛v “ nÿ
i“1
u¯iv´i ` u¯0µv0 `
´1ÿ
i“´n
u¯iλv´i
and
Q : M Ñ H
u ÞÑ pQ1puq, Q2puqq :“ pu0, u
˚
hb
ˆ
0 π
0 0
˙
uhbq “ pu0,
nÿ
i“1
u¯iu´iq
where π P MnpRq denotes the matrix with ones on the skew diagonal and zeros
elsewhere.
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Lemma 9.
(i) B is a λ-Hermitian form, i.e. B is biadditive, Bpux, vyq “ x¯Bpu, vqy @u, v P
M,x, y P R and Bpu, vq “ Bpv, uqλ @u, v PM .
(ii) Qpuxq “ Qpuq ˝ x @u P M,x P R, Qpu ` vq ” Qpuq
.
` Qpvq
.
` p0, Bpu, vqq mod
∆min @u, v PM and trpQpuqq “ Bpu, uq @u PM .
Proof. Straightforward computation.
Definition 10. The group U2n`1pR,∆q :“
tσ P GL2n`1pRq | Bpσu, σvq “ Bpu, vq ^Qpσuq ” Qpuq mod ∆ @u, v PMu
is called the odd-dimensional unitary group.
Remark 11. The groups U2n`1pR,∆q include as special cases the even-dimensional
unitary groups U2npR,Λq and all classical Chevalley groups. On the other hand,
the groups U2n`1pR,∆q are embraced by Petrov’s odd unitary groups U2lpR,Lq. For
details see [2, Remark 14(c) and Example 15].
Definition 12. We define the sets Θ` :“ t1, . . . , nu, Θ´ :“ t´n, . . . ,´1u, Θ :“
Θ` YΘ´ Y t0u and Θhb :“ Θzt0u. Moreover, we define the map
ǫ : Θhb Ñ t˘1u
i ÞÑ
#
1, if i P Θ`,
´1, if i P Θ´.
Remark 13. We will sometimes use expressions of the form
ř
iPA
fpiq (resp.
ś
iPA
fpiq)
where A Ď Θ is a subset and f : A Ñ X is a map where X is a set with a fixed
addition ` (resp. multiplication ¨). In such expressions we assume that the order of
the summands (resp. factors) corresponds to the strict total order 1 ă ¨ ¨ ¨ ă n ă 0 ă
´n ¨ ¨ ¨ ă ´1 on Θ.
Lemma 14 ([2, Lemma 17]). Let σ P GL2n`1pRq. Then σ P U2n`1pR,∆q iff Condi-
tions (i) and (ii) below are satisfied.
(i)
σ1ij “ λ
´pǫpiq`1q{2σ¯´j,´iλ
pǫpjq`1q{2 @i, j P Θhb,
µσ1
0j “ σ¯´j,0λ
pǫpjq`1q{2 @j P Θhb,
σ1i0 “ λ
´pǫpiq`1q{2σ¯0,´iµ @i P Θhb and
µσ1
00
“ σ¯00µ.
(ii)
Qpσ˚jq ” pδ0j , 0q mod ∆ @j P Θ.
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3.3 The polarity map
Definition 15. The map
r: M ÝÑ M˚
u ÞÝÑ
`
u¯´1λ . . . u¯´nλ u¯0µ u¯n . . . u¯1
˘
where M˚ “ 2n`1R is called the polarity map. Clearly r is involutary linear, i.e.Ću` v “ u˜` v˜ and Ăux “ x¯u˜ for any u, v P M and x P R.
Lemma 16. If σ P U2n`1pR,∆q and u PM , then Ăσu “ u˜σ´1.
Proof. Follows from Lemma 14.
3.4 The elementary subgroup
We introduce the following notation. Let pR,
¯
, λ
¯
, µ
¯
q be the Hermitian ring defined
in Remark 2(b) and H´1 the corresponding Heisenberg group. Note that the un-
derlying set of both H and H´1 is R ˆ R. We denote the group operation (resp.
scalar multiplication) of H by
.
`1 (resp. ˝1) and the group operation (resp. scalar
multiplication) of H´1 by
.
`´1 (resp. ˝´1). Furthermore, we set ∆
1 :“ ∆ and
∆´1 :“ tpx, yq P R ˆ R | px, y¯q P ∆u. One checks easily that ppR,
¯
, λ
¯
, µ
¯
q,∆´1q
is a Hermitian form ring. Analogously, if pI,Ωq is an odd form ideal of pR,∆q, we set
Ω1 :“ Ω and Ω´1 :“ tpx, yq P R ˆ R | px, y¯q P Ωu. One checks easily that pI,Ω´1q is
an odd form ideal of pR,∆´1q.
If i, j P Θ, let eij denote the matrix in M2n`1pRq with 1 in the pi, jq-th position
and 0 in all other positions.
Definition 17. If i, j P Θhb, i ‰ ˘j and x P R, the element
Tijpxq :“ e` xe
ij ´ λpǫpjq´1q{2x¯λp1´ǫpiqq{2e´j,´i
of U2n`1pR,∆q is called an (elementary) short root transvection. If i P Θhb and
px, yq P ∆´ǫpiq, the element
Tipx, yq :“ e ` xe
0,´i ´ λ´p1`ǫpiqq{2x¯µei0 ` yei,´i
of U2n`1pR,∆q is called an (elementary) extra short root transvection. The extra
short root transvections of the kind
Tip0, yq “ e` ye
i,´i
are called (elementary) long root transvections. If an element of U2n`1pR,∆q is a
short or extra short root transvection, then it is called an elementary transvection.
The subgroup of U2n`1pR,∆q generated by all elementary transvections is called the
elementary subgroup and is denoted by EU2n`1pR,∆q.
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Lemma 18 ([2, Lemma 20]). The following relations hold for elementary transvec-
tions.
Tijpxq “ T´j,´ip´λ
pǫpjq´1q{2x¯λp1´ǫpiqq{2q, (S1)
TijpxqTijpyq “ Tijpx` yq, (S2)
rTijpxq, Tklpyqs “ e if k ‰ j,´i and l ‰ i,´j, (S3)
rTijpxq, Tjkpyqs “ Tikpxyq if i ‰ ˘k, (S4)
rTijpxq, Tj,´ipyqs “ Tip0, xy ´ λ
p´1´ǫpiqq{2y¯x¯λp1´ǫpiqq{2q, (S5)
Tipx1, y1qTipx2, y2q “ Tippx1, y1q
.
`´ǫpiq px2, y2qq, (E1)
rTipx1, y1q, Tjpx2, y2qs “ Ti,´jp´λ
´p1`ǫpiqq{2x¯1µx2q if i ‰ ˘j, (E2)
rTipx1, y1q, Tipx2, y2qs “ Tip0,´λ
´p1`ǫpiqq{2px¯1µx2 ´ x¯2µx1qq, (E3)
rTijpxq, Tkpy, zqs “ e if k ‰ j,´i and (SE1)
rTijpxq, Tjpy, zqs “ Tj,´ipzλ
pǫpjq´1q{2x¯λp1´ǫpiqq{2q¨
¨ Tipyλ
pǫpjq´1q{2x¯λp1´ǫpiqq{2, xzλpǫpjq´1q{2x¯λp1´ǫpiqq{2q. (SE2)
3.5 Relative subgroups
In this subsection pI,Ωq denotes an odd form ideal of pR,∆q.
Definition 19. A short root transvection Tijpxq is called pI,Ωq-elementary if x P I.
An extra short root transvection Tipx, yq is called pI,Ωq-elementary if px, yq P Ω
´ǫpiq.
The subgroup EU2n`1pI,Ωq of EU2n`1pR,∆q generated by the pI,Ωq-elementary trans-
vections is called the preelementary subgroup of level pI,Ωq. Its normal closure
EU2n`1ppR,∆q, pI,Ωqq in EU2n`1pR,∆q is called the elementary subgroup of level
pI,Ωq.
If σ P M2n`1pRq, we call the matrix pσijqi,jPΘhb P M2npRq the hyperbolic part of σ
and denote it by σhb. Furthermore, we define the submodule MpR,∆q :“ tu P M |
u0 P Jp∆qu of M .
Definition 20. The subgroup U2n`1ppR,∆q, pI,Ωqq :“
tσ P U2n`1pR,∆q | σhb ” ehb mod I and Qpσuq ” Qpuq mod Ω @u PMpR,∆qu
of U2n`1pR,∆q is called the principal congruence subgroup of level pI,Ωq.
Lemma 21 ([2, Lemma 28]). Let σ P U2n`1pR,∆q. Then σ P U2n`1ppR,∆q, pI,Ωqq
iff Conditions (i) and (ii) below are satisfied.
(i) σhb ” ehb mod I.
(ii) Qpσ˚jq P Ω @j P Θhb and pQpσ˚0q
.
´ p1, 0qq ˝ a P Ω @a P Jp∆q.
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Definition 22. The subgroup NU2n`1ppR,∆q, pI,Ωqq :“
NormaliserU2n`1pR,∆qpU2n`1ppR,∆q, pI,Ωqqq
of U2n`1pR,∆q is called the normalised principal congruence subgroup of level pI,Ωq.
Definition 23. The subgroup CU2n`1ppR,∆q, pI,Ωqq :“
tσ P NU2n`1ppR,∆q, pI,Ωqq | rσ,EU2n`1pR,∆qs ď U2n`1ppR,∆q, pI,Ωqqu
of U2n`1pR,∆q is called the full congruence subgroup of level pI,Ωq.
4 The lower and upper level of a subgroup of an
odd-dimensional unitary group
In this section n denotes an integer greater than or equal to 3 and pR,∆q a Hermitian
form ring where R is commutative. We will define the lower and the upper level of a
subgroup of U2n`1pR,∆q.
Definition 24. Let H be a subgroup of U2n`1pR,∆q. Set
I :“ tx P R | Tijpxrq
τ P H @i, j P Θhb, i ‰ ˘j, r P R, τ P EU2n`1pR,∆q
^ Tip0, xr ´ xrλ
´ǫpiqqτ P H @i P Θhb, r P R, τ P EU2n`1pR,∆q
^ Tipα ˝ xrq
τ P H @i P Θhb, α P ∆
´ǫpiq, r P R, τ P EU2n`1pR,∆q
^ Tipα ˝ x¯rq
τ P H @i P Θhb, α P ∆
´ǫpiq, r P R, τ P EU2n`1pR,∆qu
and
Ω :“ ΩI
min
.
` tpy, zq P ΩI
max
| Tippy, zq ˝ rq
τ P H @i P Θ´, r P R, τ P EU2n`1pR,∆q
^ Tippy, z¯q ˝ rq
τ P H @i P Θ`, r P R, τ P EU2n`1pR,∆qu.
The odd form ideal LpHq :“ pI,Ωq is called the lower level of H .
If H is a subgroup of U2n`1pR,∆q, then clearly EU2n`1ppR,∆q, LpHqq ď H and
LpHq is the greatest odd form ideal with this property.
Definition 25. Let H be a subgroup of U2n`1pR,∆q. Set
Y :“ tσij , σii´σjj, σi0Jp∆q, Jp∆qµσ0j , Jp∆qµpσ00´σjjqJp∆q | σ P H, i, j P Θhb, i ‰ ju
and
Z :“ tQpσ˚jq, pQpσ˚0q
.
´ p1, 0qq ˝ y
.
` py, zq
.
´ py, zq ˝ σii | σ P H, i, j P Θhb, py, zq P ∆u.
Let I be the involution invariant ideal generated by Y (i.e. the ideal generated by
Y Y Y¯ ) and set Ω :“ ΩI
min
.
` Z ˝ R. The odd form ideal UpHq :“ pI,Ωq is called the
upper level of H .
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We will show that if H is a subgroup of U2n`1pR,∆q, then H ď CU2n`1ppR,∆q,
UpHqq and UpHq is the smallest odd form ideal with this property.
Lemma 26. Let σ P U2n`1pR,∆q and pI,Ωq be an odd form ideal of pR,∆q. Then
σ P NU2n`1ppR,∆q, pI,Ωqq iff pQpσ˚0q
.
´ p1, 0qq ˝ x P Ω and pQpσ1˚0q
.
´ p1, 0qq ˝ x P Ω
for any x P JpΩq.
Proof. By [2, Corollary 35], we have σ P NU2n`1ppR,∆q, pI,Ωqq iff Ω “
σΩ where
σΩ “ tpQpσ˚0q
.
´ p1, 0qq ˝ x
.
` px, yq | px, yq P Ωu
.
` ΩI
min
(see [2, Definition 30]).
By the definition of equality of sets, we have Ω “ σΩ iff Ω Ď σΩ and σΩ Ď Ω.
By [2, Lemma 33], the map U2n`1pR,∆q ˆ FPpIq Ñ FPpIq, pτ,Σq ÞÑ
τΣ, where
FPpIq denotes the set of all relative odd form parameters for I, is a left group action.
Clearly this action preserves inclusions. It follows that Ω Ď σΩ iff σ
´1
Ω Ď Ω. Hence
σ P NU2n`1ppR,∆q, pI,Ωqq iff
σ´1Ω Ď Ω and σΩ Ď Ω. The assertion of the lemma
follows.
Corollary 27. Let H be a subgroup of U2n`1pR,∆q. ThenH ď NU2n`1ppR,∆q, UpHqq.
Proof. Write UpHq “ pI,Ωq and let σ P H . By the previous lemma, it suffices to
show that pQpσ˚0q
.
´ p1, 0qq ˝ x P Ω for any x P JpΩq. Let x P JpΩq. Then px, yq P Ω
for some y P R. Hence pQpσ˚0q
.
´ p1, 0qq ˝ x` px, yq
.
´ px, yq ˝ σ11 P Z Ď Ω where Z is
defined as in Definition 25. It clearly follows that pQpσ˚0q
.
´ p1, 0qq ˝ x P Ω.
Lemma 28. Let pa, bq P ∆k and x1, . . . , xm P R where k P t˘1u and m P N. Then
pa, bq ˝
mÿ
i“1
xi “ pa, bq ˝ x1
.
`k . . .
.
`k pa, bq ˝ xm
.
`k p0,
mÿ
i,j“1,
iąj
x¯ibxj ´ x¯ibxjλ
kq.
Proof. Straightforward computation.
Lemma 29. Let pI,Ωq be an odd form ideal. Suppose σ P U2n`1pR,∆q satisfies
Conditions (i)-(v) in Lemma 31. Then pa, bq ” pa, bq ˝σ1iiσii mod Ω for any pa, bq P ∆
and i P Θhb.
Proof. By the previous lemma we have
pa, bq
“pa, bq ˝ p
´1ÿ
s“1
σ1isσsiq
“p
´1
.ă
s“1
pa, bq ˝ σ1isσsiq
.
` p0,
´1ÿ
s,t“1,
sąt
σ1isσsibσ
1
itσti ´ σ
1
isσsibσ
1
itσtiλqq (3)
Since σ satisfies Conditions (i) and (iv) in Lemma 31, all the summands in (3) except
pa, bq ˝ σ1iiσii are contained in Ω
I
min
.
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Lemma 30. Let pI,Ωq be an odd form ideal. Suppose σ P U2n`1pR,∆q satisfies
Conditions (i)-(v) in Lemma 31. Then p0,´σ¯1´i,´iy¯σ¯00µy ` σ¯
1
´i,´iy¯σ¯00µyλq P Ω for
any i P Θhb and y P Jp∆q.
Proof. First we note that by [4, Lemma 6.30], σ´1 also satisfies Conditions (i)-(v) in
Lemma 31. Clearly
p0,´σ¯1´i,´iy¯σ¯00µy ` σ¯
1
´i,´iy¯σ¯00µyλq
“p0,´σiiy¯µσ
1
00
y ` σiiy¯µσ100yλq
“ p0,´σiiy¯µpσ
1
00
´ σ1iiqy ` σiiy¯µpσ
1
00
´ σ1iiqyλqloooooooooooooooooooooooooooomoooooooooooooooooooooooooooon
X:“
.
`p0,´σiiy¯µσ
1
iiy ` σiiy¯µσ
1
iiyλqlooooooooooooooooomooooooooooooooooon
Y :“
,
the first equality by Lemma 14. Since σ1 satisfies Condition (v), X lies in ΩI
min
. On
the other hand, σiiσ
1
ii “ 1´
ř
j‰i σijσ
1
ji ” 1 mod I since σ satisfies satisfies Conditions
(i) and (iii). Hence
Y ” p0,´y¯µy ` y¯µyλq “ 0 mod ΩI
min
since µ “ µ¯λ.
Lemma 31. Let σ P U2n`1pR,∆q and pI,Ωq an odd form ideal. Then rσ,EU2n`1pR,
∆qs ď U2n`1ppR,∆q, pI,Ωqq iff
(i) σij P I @i ‰ j P Θhb,
(ii) σii ´ σjj P I @i, j P Θhb,
(iii) σi0Jp∆q P I @i P Θhb,
(iv) Jp∆qµσ0j P I @j P Θhb,
(v) Jp∆qµpσ00 ´ σjjqJp∆q P I @j P Θhb,
(vi) Qpσ˚jq P Ω @j P Θhb and
(vii) pQpσ˚0q
.
´ p1, 0qq ˝ y
.
` py, zq
.
´ py, zq ˝ σii P Ω @i P Θhb, py, zq P ∆.
Proof. pñq Suppose that rσ,EU2n`1pR,∆qs ď U2n`1ppR,∆q, pI,Ωqq. Then rσ,EU2n`1p
R,∆qs ď U2n`1ppR,∆q, pI,Ω
I
max
qq and hence σ P CU2n`1ppR,∆q, pI,Ω
I
max
qq (note
that NU2n`1ppR,∆q, pI,Ω
I
maxqq “ U2n`1pR,∆q, see [2, Remark 26]). It follows from
[4, Lemma 6.30] that Conditions (i)-(v) above hold. By analysing [2, Lemma 63]
we obtain Qpσ˚iq ˝ σ
1
jj P Ω and pQpσ˚0q
.
´ p1, 0qq ˝ yσ1ii
.
` py, zq ˝ σ1ii
.
´ py, zq P Ω
for any i ‰ ˘j P Θhb and py, zq P ∆. There are the following misprints in [2,
Lemma 63], all on page 2866: a´k should be replaced by a´i (1 occurence), σ
1
´1,´1
should be replaced by σ1´i,´i (4 occurences) and p0, σ¯
1
´i,´iy¯σ¯00µy ´ σ¯
1
´i,´iy¯σ¯00µyλq
should be replaced by p0,´σ¯1´i,´iy¯σ¯00µy ` σ¯
1
´i,´iy¯σ¯00µyλq (1 occurence; note that
p0,´σ¯1´i,´iy¯σ¯00µy ` σ¯
1
´i,´iy¯σ¯00µyλq P Ω by Lemma 30). It follows from Lemma 29
that σ satisfies Conditions (vi) an (vii).
pðqNow suppose that σ satisfies Conditions (i)-(vii). We have to show that rσ,EU2n`1
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pR,∆qs ď U2n`1ppR,∆q, pI,Ωqq. Since U2n`1ppR,∆q, pI,Ωqq is normalised by EU2n`1p
R,∆q (follows from [2, Corollary 36]), it suffices to show that rσ, τ s P U2n`1ppR,∆q, pI,
Ωqq for any elementary transvection τ . Since σ P CU2n`1ppR,∆q, pI,Ω
I
max
qq by [4,
Lemma 6.30], we obtain that rσ, τ s satisfies Condition (i) in Lemma 21. It remains
to show that rσ, τ s satisfies Condition (ii) in Lemma 21. But that follows from [2,
Lemma 63].
If pI,Ωq and pJ,Σq are odd form parameters, then we write pI,Ωq Ď pJ,Σq if I Ď J
and Ω Ď Σ.
Proposition 32. Let H be a subgroup of U2n`1pR,∆q. Then H ď CU2n`1ppR,∆q,
UpHqq and UpHq is the smallest form odd ideal with this property.
Proof. It follows from Corollary 27 and Lemma 31 that H ď CU2n`1ppR,∆q, UpHqq.
Let Y and Z be defined as in Definition 25. If pI,Ωq is an odd form ideal such that
H ď CU2n`1ppR,∆q, pI,Ωqq, then Y Ď I and Z Ď Ω by Lemma 31. It follows that
UpHq Ď pI,Ωq.
Corollary 33. Let H be a subgroup of U2n`1pR,∆q. Then LpHq Ď UpHq.
Proof. By Proposition 32 we have
EU2n`1ppR,∆q, LpHqq ď H ď CU2n`1ppR,∆q, UpHqq.
It follows from Lemma 31 that LpHq Ď UpHq.
Corollary 34. Let H be a subgroup of U2n`1pR,∆q and τ P EU2n`1pR,∆q. Then
UpHq “ UpHτ q.
Proof. By Proposition 32 we have H ď CU2n`1ppR,∆q, UpHqq. It follows that H
τ ď
CU2n`1ppR,∆q, UpHqq since EU2n`1pR,∆q ď NU2n`1ppR,∆q, UpHqq by [2, Corollary
36]. This implies that UpHτ q Ď UpHq, again by Proposition 32. Similarly one can
show that UpHq Ď UpHτ q.
5 The subnormal structure of the groups U7pR,∆q
In this section pR,∆q denotes a Hermitian form ring where R is commutative.
Lemma 35. Let pI,Ωq be an odd form ideal and H a subgroup of U7pR,∆q normalised
by EU7pI,Ωq. Suppose there is an x P R, r, s P Θhb, r ‰ ˘s and an m P N such that
Tr,˘spxaq P H for all a P I
m. Then Tijpxaq P H for all i, j P Θhb, i ‰ ˘j and a P I
m`3.
Proof. Choose a t P Θhb such that t ‰ ˘r,˘s. It follows from Relation (S4) in Lemma
18 that
• Tr,˘tpxaq, T˘t,˘spxaq P H for any a P I
m`1,
• T˘s,˘tpxaq, T˘t,˘rpxaq, T´r,˘spxaq P H for any a P I
m`2 and
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• T˘s,˘rpxaq, T´r,˘tpxaq P H for any a P I
m`3.
The assertion of the lemma follows.
We recall some notation introduced in [5]. Let G be a group and pa1, b1q, pa2, b2q P
GˆG. If there is a g P G such that
a2 “ ra
´1
1 , gs and b2 “ rg, b1s,
then we write pa1, b1q
g
ÝÑ pa2, b2q. If pa1, b1q, . . . , pan`1, bn`1q P GˆG and g1, . . . , gn P G
such that
pa1, b1q
g1ÝÑ pa2, b2q
g2ÝÑ . . .
gnÝÑ pan`1, bn`1q,
then we write pa1, b1q
g1,...,gnÝÝÝÝÑ pan`1, bn`1q.
If H ď G, g P G and h P H , then we call gh an H-conjugate of g.
Lemma 36 ([5, Lemma 7]). Let G be a group and pa1, b1q, pa2, b2q P G ˆ G. If
pa1, b1q
g1,...,gnÝÝÝÝÑ pa2, b2q for some g1, . . . , gn P G, then a2b2 is a product of 2
n H-
conjugates of a1b1 and pa1b1q
´1 whereH is the subgroup of G generated by ta1, g1, . . . , gnu.
Lemma 37. Let pI,Ωq be an odd form ideal and H a subgroup of U7pR,∆q normalised
by EU7pI,Ωq. Let σ P H and r, s, t P Θhb such that r ‰ ˘s and t ‰ ˘r,˘s. Then
(i) Tijpσs,´tσ¯sraq P H for any i, j P Θhb, i ‰ ˘j, a P I
7 and
(ii) Tijpσrsσ¯rraq P H for any i, j P Θhb, i ‰ ˘j, a P I
8.
Proof. Let a1, . . . , a5 P I. Set
τ1 :“Trtpσssσ¯sra¯1qTstp´σsrσ¯sra¯1qTr,´sp´λ
pǫptq´ǫpsqq{2σs,´tσ¯sra1q¨
¨ Trp0, λ
pǫptq´ǫprqq{2σs,´tσ¯ssa1 ´ λ
p´ǫptq´ǫprqq{2σssσ¯s,´ta¯1q
and
τ2 :“Trtpσrsσ¯rra1qTstp´σrrσ¯rra1qTr,´sp´λ
pǫptq´ǫpsqq{2σr,´tσ¯rra¯1q¨
¨ Trp0, λ
pǫptq´ǫprqq{2σr,´tσ¯rsa¯1 ´ λ
p´ǫptq´ǫprqq{2σrsσ¯r,´ta1q.
Clearly τ1, τ2 P EU7pI,Ωq. Set ξ1 :“ στ
´1
1 σ
´1 and ξ2 :“ στ
´1
2 σ
´1. One checks easily
that pστ´1
1
qs˚ “ σs˚ and pτ
´1
1
σ´1q˚,´s “ σ
1
˚,´s. Hence pξ1qs˚ “ es˚ and pξ1q˚,´s “
e˚,´s. Similarly pστ
´1
2 qr˚ “ σr˚ and pτ
´1
2 σ
´1q˚,´r “ σ
1
˚,´r. Hence pξ2qr˚ “ er˚ and
pξ2q˚,´r “ e˚,´r. A straightforward computation shows that
pτ1, ξ1q
T´s,tpa2q,T´s,rpa3q,Tt,˘rp´λpǫpsq´ǫptqq{2a4q
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ pT´s,˘rpσs,´tσ¯sra1a2a3a4q, eq
and
pτ2, ξ2q
Tsrpa2q,Ttrpa3q,Tr,´tpa4q,T´r,spa5q
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ pT´r,´tpσrsσ¯rra1a2a3a4a5q, eq.
It follows from Lemma 36 that H contains the matrices T´s,˘rpσs,´tσ¯sra1a2a3a4q and
T´r,´tpσrsσ¯rra1a2a3a4a5q. Clearly H also contains T´r,tpσrsσ¯rra1a2a3a4a5q (just re-
place t by ´t in the argument above). The assertion of the lemma follows from
Lemma 35.
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Lemma 38. Let pI,Ωq be an odd form ideal and H a subgroup of U7pR,∆q normalised
by EU7pI,Ωq. Then Tijpσrsaq P H for any i, j P Θhb, i ‰ ˘j, σ P H, r, s P Θhb, r ‰ ˘s
and a P I9.
Proof. Choose a t P Θhb such that t ‰ ˘r,˘s. Let a0 P I and set
τ :“ rσ´1, Ttrp´σ¯rsa¯0qs P H.
Let J be the involution invariant ideal generated by the set ta0σrsσ¯rr, a0σrsσ¯r,˘tu.
Clearly
τtt “ 1´ σ
1
ttσ¯rsa¯0σrt ` σ
1
t,´rλ
pǫprq´ǫptqq{2σrsa0σ´t,t
“ 1´ σ1tt σ¯rsa¯0σrtlooomooon
PJ
`λ´ǫptq σ¯r,´tσrsa0loooomoooon
PJ
σ´t,t
” 1 mod J
and
τtr “ ´σ
1
ttσ¯rsa¯0σrr ` σ
1
t,´rλ
pǫprq´ǫptqq{2σrsa0σ´t,r ` τttσ¯rsa¯0
“ ´σ1tt σ¯rsa¯0σrrlooomooon
PJ
`λ´ǫptq σ¯r,´tσrsa0loooomoooon
PJ
σ´t,r ` τttσ¯rsa¯0
” σ¯rsa¯0 mod J
by Lemma 14. Hence τttτ¯tr ” σrsa0 mod J . By Lemma 37(ii) we have Tijpτtr τ¯ttaq P H
for any i, j P Θhb, i ‰ ˘j, a P I
8 whence Tijpτttτ¯traq P H for any i, j P Θhb, i ‰ ˘j, a P
I8 (because of Relation (S1) in Lemma 18). Since τttτ¯tra “ σrsa0a ` xa for some
x P J , we obtain the assertion of the lemma in view of Lemma 37.
Lemma 39. Let pI,Ωq be an odd form ideal and H a subgroup of U7pR,∆q normalised
by EU7pI,Ωq. Let pJ,Σq “ UpHq. Then EU7pJI
12,ΩJI
12
min q ď H.
Proof. Let σ P U2n`1pR,∆q and i, j, r, s P Θhb such that i ‰ ˘j and r ‰ ˘s. Fur-
thermore, let x, y P Jp∆q. Suppose we have shown
(i) Tijpσrsaq P H for any a P I
9,
(ii) Tijpσr,´raq P H for any a P I
10,
(iii) Tijpσr0xaq P H for any a P I
10,
(iv) Tijpx¯µσ0saq P H for any a P I
10,
(v) Tijppσrr ´ σssqaq P H for any a P I
10,
(vi) Tijppσrr ´ σ´r,´rqaq P H for any a P I
10 and
(vii) Tijpx¯µpσ00 ´ σssqyaq P H for any a P I
11.
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Then it would follow that EU7pJI
12,ΩJI
12
min
q ď H in view of Relations (S5) and (SE2)
in Lemma 18. Hence it suffices to show (i)-(vii) above.
(i) Follows from the previous lemma.
(ii) Let b P I and c P I9. Clearly the entry of Tsrpbqσ P H at position ps,´rq equals
σr,´rb`σs,´r. It follows from the previous lemma that Tijppσr,´rb`σs,´rqcq P H .
But Tijpσs,´rcq P H , again by the previous lemma. Hence Tijpσr,´rbcq P H .
(iii) Let b P I and c P I9. Choose a z such that px, zq P ∆ǫpsq (possible since x P
Jp∆q). Clearly the entry of σT´spxb,b¯zbq P H at position pr, sq equals σr0xb`σrs`
σr,´sb¯zb. It follows from the previous lemma that Tijppσr0xb`σrs`σr,´sb¯zbqcq P
H . But Tijpσrscq, Trspσr,´sb¯zbcq P H , again by the previous lemma. It follows
that Tijpσr0xbcq P H .
(iv) Let b P I and c P I9. Choose a z such that px, zq P ∆ǫp´rq. Clearly the entry
of Trpxb¯,bzb¯qσ P H at position pr, sq equals ´λ´p1`ǫprqq{2bx¯µσ0s ` σrs ` bzb¯σ´r,s. It
follows from the previous lemma that Tijpp´λ
´p1`ǫprqq{2bx¯µσ0s`σrs`bzb¯σ´r,sqcq P
H . But Tijpσrscq, Trspbzb¯σ´r,scq P H , again by the previous lemma. It follows
that Tijp´λ
´p1`ǫprqq{2bx¯µσ0scq P H .
(v) Let b P I and c P I9. One checks easily that the entry of Tsrpbqσ P H at position
ps, rq equals pσrr ´ σssqb` σsr ´ σrsb
2. It follows from the previous lemma that
Tijpppσrr ´ σssqb` σsr ´ σrsb
2qcq P H . But Tijpσsrcq, Trsp´σrsb
2cq P H , again by
the previous lemma. It follows that Tijppσrr ´ σssqbcq P H .
(vi) Follows from (v) since Tijppσrr´σ´r,´rqaq “ Tijppσrr´σssqaqTijppσss´σ´r,´rqaq.
(vii) Let b P I and c P I10. Choose a z such that py, zq P ∆ǫpsq. One checks easily
that the entry of σT´spyb,b¯zbq P H at position p0, sq equals pσ00 ´ σssqyb ` σ0s ´
σs0y
2b2 ` σ0,´sb¯zb´ σs,´sybb¯zb. It follows from (iv) that
Tijpx¯µppσ00 ´ σssqyb` σ0s ´ σs0y
2b2 ` σ0,´sb¯zb ´ σs,´sybb¯zbqcq P H.
But Tijpx¯µσ0scq, Tijp´x¯µσs0y
2b2cq, Tijpx¯µσ0,´sb¯zbcq, Tijp´x¯µσs,´sybb¯zbcq P H by
(ii),(iii) and (iv). It follows that Tijpx¯µpσ00 ´ σssqybcq P H .
We introduce the following notation. If px, yq P ∆, we set px, yq1 :“ px, yq and
px, yq´1 :“ px, λ¯yq. Note that ∆ contains the element
.
´px, yq ˝ p´1q “ p´x, λy¯q ˝
p´1q “ px, λy¯q. Hence px, yq´1 P ∆´1. On the other hand any element of ∆´1 is equal
to px, yq´1 for some px, yq P ∆. Hence ∆´1 “ tpx, yq´1 | px, yq P ∆u. Similarly, if Ω is
a relative odd form parameter, then Ω´1 “ tpx, yq´1 | px, yq P Ωu. One checks easily
that pα
.
` βq´1 “ α´1
.
`´1 β
´1 and pα ˝ xq´1 “ α´1 ˝ x for any α, β P ∆ and x P R.
In the proof of Theorem 41 we will use the matrices T˚jpu, xq defined below. These
matrices are examples of ESD transvections, cf. [3].
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Definition 40. Let pI,Ωq be an odd form ideal and j P Θhb. Moreover, let u P M
and x P R such that ui P I for any i P Θhb, uj “ 0 and Qpuq
ǫpjq
.
` p0, xq P Ωǫpjq. We
define the matrix
T˚jpu, xq :“e` ue
t
j ´ e´jλ
pǫpjq´1q{2u˜` xe´j,j
“p
ź
iPΘhbzt˘ju
TijpuiqqT´jpQpuq
ǫpjq
.
` p0, xq
.
` p0, u´j ´ λ
ǫpjqu¯´jqq
PEU7pI,Ωq.
Instead of T˚jpu, 0q we may write T˚jpuq. Clearly T˚jpuq
´1 “ T˚jp´uq (note that
u˜u “ trpQpuqq “ 0 since Qpuq P Ω Ď ∆max) and
σT˚jpuq “ e ` σue
t
jσ
´1 ´ σe´jλ
pǫpjq´1q{2u˜σ´1
“ e ` λp´ǫpjq´1q{2σuĆσ˚,´j ´ λpǫpjq´1q{2σ˚,´jĂσu (4)
for any σ P U7pR,∆q, the last equality by Lemma 16.
Theorem 41. Let pI,Ωq be an odd form ideal and H a subgroup of U7pR,∆q nor-
malised by EU7pI,Ωq. Then
EU7pUpHq ˚ I
12q ď H ď CU7ppR,∆q, UpHqq.
Proof. The inclusion H Ď CU7ppR,∆q, UpHqq holds by Proposition 32. It remains
to show the inclusion EU7pUpHq ˚ I
12q Ď H . Recall that if UpHq “ pJ,Σq, then
UpHq ˚ I12 “ pJI12,ΩJI
12
min
.
` Σ ˝ I12q. Because of Lemma 39 it suffices to show that
Tipαq P H for any i P Θhb and α P pΣ ˝ I
12q´ǫpiq, or equivalently
Tipα
´ǫpiqq P H for any i P Θhb and α P Σ ˝ I
12. (5)
Recall that Σ “ ΩJ
min
.
` Z ˝ R where
Z “ tQpσ˚sq, pQpσ˚0q
.
´ p1, 0qq ˝ y
.
` py, zq
.
´ py, zq ˝ σss | σ P H, s P Θhb, py, zq P ∆u.
In order to prove (5) it suffices to show (i) and (ii) below (note that ΩJ
min
˝I12 Ď ΩJI
12
min
).
(i) TippQpσ˚sq ˝ aq
´ǫpiqq P H for any σ P H , i, s P Θhb and a P I
12.
(ii) TippppQpσ˚0q
.
´ p1, 0qq ˝ y
.
` py, zq
.
´ py, zq ˝ σssq ˝ aq
´ǫpiqq P H for any σ P H ,
i, s P Θhb, py, zq P ∆ and a P I
12.
We first show (i) and then (ii).
(i) Let σ P H . In Step 1 below we show that TippQpσ˚sq ˝ σssaq
´ǫpiqq P H for
any i, s P Θhb, i ‰ ˘s and a P I
10. In Step 2 we use Step 1 to show that
TippQpσ˚sq ˝ aq
´ǫpiqq P H for any i, s P Θhb, i ‰ ˘s and a P I
11. In Step 3 we use
Step 2 to prove (i).
Step 1. Let r, s P Θ`, r ‰ s and b P I
9. Set
u1 :“ e´rσ
1
´s,´s ´ e´sσ
1
´s,´r “ e´rσ¯ss ´ e´sσ¯rs PM
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and u :“ σ´1u1b P M . Then clearly u´s “ 0. Moreover, ui P I for any i P Θhb
and Qpuq “ Qpσ´1u1bq “ Qpσ´1u1q ˝ b P ΩImin since Qpu
1q “ 0 and σ´1 preserves
Q modulo ∆. Hence the matrices T˚,´spuq and T˚,´sp´uq are defined and are
contained in EU7pI,Ωq (see Definition 40). Set
ξ :“ σT˚,´sp´uq
p4q
“ e´ σuĂσ˚s ` σ˚sλ¯Ăσu “ e´ u1bĂσ˚s ` σ˚sλ¯Ău1b.
Choose a t P Θhb such that t ‰ ˘r,˘s. Set
τ :“ Ttrp´σtsσssb¯qTtspσtsσrsb¯q
and ζ :“ ξτ . Note that by Lemma 38 we have τ P H . With a little effort one
can check that ζt˚ “ et˚, ζ˚,´t “ e˚,´t and
ζ˚r “er ` pσ˚s ´ etσtsqσssb¯` e´spσ¯rsσ¯´r,sbλ ´ σtsσssb¯σ¯rsσ¯´t,sbλ
pǫptq`1q{2q
` e´rp´σ¯ssσ¯´r,sbλ` σtsσssb¯σ¯ssσ¯´t,sbλ
pǫptq`1q{2q.
Let c P I. Clearly
pT˚,´spuq, ζq
Trtp´cq
ÝÝÝÝÑ pφ, ψq
where
φ “rT˚,´sp´uq, Trtp´cqs
“Tsp0,´utu¯´rc` utu¯´rcλ¯qTs,´rpλ¯u¯tc¯qTstp´u¯´rcq
and
ψ “rTrtp´cq, ζs
“Trtp´cqT˚tpζ˚rcq
“T˚tppζ˚r ´ e˚rqc, λ
pǫptq´1q{2c¯ζ´r,rcq
“p
ź
iPΘhbzt˘tu
Titppζir ´ δirqcqqT´tp0, ζ´t,rc´ λ
ǫptqζ´t,rcq¨
¨ T´tpQppζ˚r ´ e˚rqcq
ǫptq
.
` p0, λpǫptq´1q{2c¯ζ´r,rcqqq.
It follows from Lemma 36 that φψ P H (since T˚,´spuqζ “ rT˚,´spuq, σsτ P H).
Clearly
φψ “Tsp0,´utu¯´rc` utu¯´rcλ¯qTs,´rpλ¯u¯tc¯qTstppζsr ´ u¯´rqcq¨
¨ p
ź
iPΘhbzts,˘tu
Titppζir ´ δirqcqqT´tp0, ζ´t,rc´ λ
ǫptqζ´t,rcq¨
¨ T´tpQppζ˚r ´ e˚rqcq
ǫptq
.
` p0, λpǫptq´1q{2c¯ζ´r,rcqqq. (6)
We leave it to the reader to deduce from Lemma 38 that all the factors on the
right hand side of Equation (6) except the last one are contained in H (cf. the
proof of Lemma 39). Since φψ P H , it follows that
T´tpQppζ˚r ´ e˚rqcq
ǫptq
.
` p0, λpǫptq´1q{2c¯ζ´r,rcqq P H.
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But one checks easily that
Qppζ˚r ´ e˚rqcq
ǫptq
.
` p0, λpǫptq´1q{2c¯ζ´r,rcq “ pQpσ˚sq ˝ σssb¯cq
ǫptq
.
` p0, y ´ y¯λǫptqq
for some y that lies in the ideal generated by σ´r,sb¯c and σtsb¯c. It follows that
T´tppQpσ˚sq ˝ σssb¯cq
ǫptqq P H . Thus we have shown that
T´tppQpσ˚sq ˝ σssaq
ǫptqq P H
for any s P Θ`, t P Θhb, t ‰ ˘s and a P I
10. Analogously one can show that
T´tppQpσ˚sq ˝ σssaq
ǫptqq P H
for any s P Θ´, t P Θhb, t ‰ ˘s and a P I
10.
Step 2. Let i, s P Θhb, i ‰ ˘s and a P I
11. By Lemma 28 we have
TippQpσ˚sq ˝ aq
´ǫpiqq
“TipQpσ˚sq
´ǫpiq ˝ aq
“TipQpσ˚sq
´ǫpiq ˝
´1ÿ
p“1
σ1spσpsaq
“
´1ź
p“1
TipQpσ˚sq
´ǫpiq ˝ σ1spσpsaqloooooooooooooooomoooooooooooooooon
X:“
¨
¨
´1ź
p,q“1,
pąq
Tip0, σ1spσpsaQ2pσ˚sqσ
1
sqσqsa ´ σ
1
spσpsaQ2pσ˚sqσ
1
sqσqsaλ
´ǫpiqq
loooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooon
Y :“
.
By Step 1, TipQpσ˚sq
´ǫpiq ˝ σ1ssσssaq P H . All the other factors of X are also
contained in H (see the proof of Lemma 39). Similarly Y is contained in H . It
follows that TippQpσ˚sq ˝ aq
´ǫpiqq P H .
Step 3 By Step 2 we know that TippQpσ˚sq ˝ aq
´ǫpiqq P H for any i, s P Θhb,
i ‰ ˘s and a P I11. In order to show (i) it remains to show that
TippQpσ˚sq ˝ aq
´ǫpiqq P H for any s P Θhb, i P t˘su and a P I
12. (7)
Let s, r P Θhb, s ‰ ˘r, b P I and set τ :“ rσ, Tsrpbqs P H . Applying Step 2 to τ
we obtain TippQpτ˚rq ˝ cq
´ǫpiqq P H for any i P t˘su and c P I11. We leave it to
the reader to deduce from [2, Lemma 63] that TippQpσ˚sq ˝ bcσ
1
rrq
´ǫpiqq P H for
any i P t˘su and c P I11. It follows as in Step 2 that TippQpσ˚sq ˝ bcq
´ǫpiqq P H
for any i P t˘su and c P I11. Thus (7) holds.
(ii) Let σ P H , s P Θhb, py, zq P ∆ and b P I. Set ρ :“ rσ, Tspppy, zq ˝ bq
´ǫpsqqs P H .
By Step 2 in the proof of (i) above, we have TippQpρ˚,´sq ˝ cq
´ǫpiqq P H for any
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i ‰ ˘s and c P I11. We leave it to the reader to deduce from [2, Lemma 63]
that
TipppQpσ˚0q
.
´ p1, 0qq ˝ yσ1´s,´s
.
` py, zq ˝ σ1´s,´s
.
´ py, zqq ˝ bcq´ǫpiqq P H
for any i ‰ ˘s and c P I11. It follows as in Step 2 that
TipppQpσ˚0q
.
´ p1, 0qq ˝ y
.
` py, zq
.
´ py, zq ˝ σ´s,´sq ˝ bcq
´ǫpiqq P H (8)
for any i ‰ ˘s and c P I11 (cf. the proof of Lemma 29). Let r P Θhb. One
checks easily that
py, zq ˝ σ´s,´s “ py, zq ˝ σrr
.
` py, zq ˝ pσ´s,´s ´ σrrq
.
` α (9)
where α “ p0, σ´s,´s ´ σrrzσrr ´ σ´s,´s ´ σrrzσrrλq. Clearly
Tippppy, zq ˝ pσ´s,´s ´ σrrq
.
` αq ˝ bcq´ǫpiqq P H. (10)
It follows from (8), (9) and (10) that
TipppQpσ˚0q
.
´ p1, 0qq ˝ y
.
` py, zq
.
´ py, zq ˝ σrrq ˝ bcq
´ǫpiqq P H (11)
for any i ‰ ˘s and c P I11. Since (11) holds for any s, r P Θhb, we have shown
(ii).
Theorem 42. Let pI,Ωq be an odd form ideal and H a subgroup of U7pR,∆q nor-
malised by EU7ppR,∆q, pI,Ωqq. Then
EU7ppR,∆q, UpHq ˚ I
12q ď H ď CU7ppR,∆q, UpHqq.
Proof. By Proposition 32 we only have to show that EU7ppR,∆q, UpHq˚I
12q ď H . Let
τ P EU7pR,∆q. Then clearly H
τ is normalised by EU7ppR,∆q, pI,Ωqq. By Corollary
34 we have UpHτ q “ UpHq. It follows from the previous theorem that EU7pUpHq ˚
I12q ď Hτ whence EU7pUpHq ˚ I
12qτ
´1
ď H . Since this holds for any τ P EU7pR,∆q,
we obtain EU7ppR,∆q, pUpHq ˚ I
12qq ď H .
Theorem 43. Suppose that H ⊳d G where d is a positive integer and G a subgroup
of U7pR,∆q containing EU7pR,∆q. Suppose UpHq “ pI,Ωq. Then
EU7ppR,∆q, UpHq ˚ I
kq ď H ď CU7ppR,∆q, UpHqq
where k “ 12
d´1
11
´ 1.
Proof. By Proposition 32 we only have to show that EU7ppR,∆q, UpHq ˚ I
kq ď H .
We proceed by induction on d.
d “ 1: If d “ 1, then H ⊳ G and therefore H is normalised by EU7pR,∆q. It fol-
lows from the previous theorem that EU7ppR,∆q, UpHqq ď H as desired (we use the
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convention I0 “ R).
dÑ d` 1: Suppose H ⊳d`1 G, i.e. H “ H0 ⊳ H1 ⊳ ¨ ¨ ¨ ⊳ Hd ⊳ Hd`1 “ G for
some subgroups H1, . . . , Hd of G. Write UpHq “ pI,Ωq and UpH1q “ pJ,Σq. By the
induction assumption we have
EU7ppR,∆q, UpH1q ˚ J
kq ď H1 ď CU7ppR,∆q, UpH1qq (12)
where k “ 12
d´1
11
´ 1. Since H ⊳H1, it follows that H is normalised by EU7ppR,∆q,
UpH1q ˚ J
kq. Hence
EU7ppR,∆q, UpHq ˚ J
12pk`1qq ď H,
by the previous theorem. It follows from (12) that H ď CU7ppR,∆q, UpH1qq whence
UpHq Ď UpH1q. Therefore I Ď J and thus we obtain
EU7ppR,∆q, UpHq ˚ I
12pk`1qq ď H.
One checks easily that 12pk ` 1q “ 12
d`1´1
11
´ 1 as desired.
6 The subnormal structure of the groups U2n`1pR,∆q
where n ě 4
In this section n denotes an integer greater than or equal to 4 and pR,∆q a Hermitian
form ring where R is commutative. We start by proving an analogue of Lemma 37.
Lemma 44. Let pI,Ωq be an odd form ideal and H a subgroup of U2n`1pR,∆q nor-
malised by EU2n`1pI,Ωq. Let σ P H and r, s, t P Θhb such that r ‰ ˘s and t ‰ ˘r,˘s.
Then
(i) Tijpσs,´tσ¯sraq P H for any i, j P Θhb, i ‰ ˘j, a P I
6 and
(ii) Tijpσrsσ¯rraq P H for any i, j P Θhb, i ‰ ˘j, a P I
6.
Proof. Let a1, . . . , a4 P I. Set
τ1 :“Trtpσssσ¯sra¯1qTstp´σsrσ¯sra¯1qTr,´sp´λ
pǫptq´ǫpsqq{2σs,´tσ¯sra1q¨
¨ Trp0, λ
pǫptq´ǫprqq{2σs,´tσ¯ssa1 ´ λ
p´ǫptq´ǫprqq{2σssσ¯s,´ta¯1q
and
τ2 :“Trtpσrsσ¯rra1qTstp´σrrσ¯rra1qTr,´sp´λ
pǫptq´ǫpsqq{2σr,´tσ¯rra¯1q¨
¨ Trp0, λ
pǫptq´ǫprqq{2σr,´tσ¯rsa¯1 ´ λ
p´ǫptq´ǫprqq{2σrsσ¯r,´ta1q.
Clearly τ1, τ2 P EU2n`1pI,Ωq. Set ξ1 :“ στ
´1
1 σ
´1 and ξ2 :“ στ
´1
2 σ
´1. One checks
easily that pστ´1
1
qs˚ “ σs˚ and pτ
´1
1
σ´1q˚,´s “ σ
1
˚,´s. Hence pξ1qs˚ “ es˚ and pξ1q˚,´s “
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e˚,´s. Similarly pστ
´1
2
qr˚ “ σr˚ and pτ
´1
2
σ´1q˚,´r “ σ
1
˚,´r. Hence pξ2qr˚ “ er˚ and
pξ2q˚,´r “ e˚,´r. A straightforward computation shows that
pτ1, ξ1q
T´s,tpa2q,T´s,rpa3q,Ttup´λpǫpsq´ǫptqq{2a4q
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ pT´s,upσs,´tσ¯sra1a2a3a4q, eq
for any u ‰ ˘s,˘t, and
pτ1, ξ1q
T´s,upa2q,T´s,rpa3q,Tuvp´λpǫpsq´ǫptqq{2a4q
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ pT´s,vpσs,´tσ¯sra1a2a3a4q, eq
for any u ‰ ˘r,˘s,˘t and v ‰ ˘s,˘u. It follows from Lemma 36 that H contains
the matrices T´s,upσs,´tσ¯sra1a2a3a4q where u ‰ ˘s. It is now an easy exercise to
obtain (i) (see the proof of Lemma 35).
On the other hand one checks easily that
pτ2, ξ2q
Tsrpa2q,Ttupa3q,Tvsp´a4q
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ pTvupσrsσ¯rra1a2a3a4q, eq
for any u ‰ ˘r,˘s,˘t and v ‰ r,˘s,´t,˘u. It follows from Lemma 36 that
Tvupσrsσ¯rra1a2a3a4q P H for any u ‰ ˘r,˘s,˘t and v ‰ r,˘s,´t,˘u. (13)
Choose p, q P Θhb such that p ‰ ˘q and p, q ‰ ˘r,˘s. By applying (13) with t “ ˘p
and u “ ˘q resp. t “ ˘q and u “ ˘p one obtains
T˘p,˘qpσrsσ¯rra1a2a3a4q, T˘q,˘ppσrsσ¯rra1a2a3a4q P H. (14)
It is an easy exercise to deduce (ii) from (14) (see the proof of Lemma 35).
Lemmas 45 and 46 below are analogues of Lemmas 38 and 39, respectively.
Lemma 45. Let pI,Ωq be an odd form ideal and H a subgroup of U2n`1pR,∆q nor-
malised by EU2n`1pI,Ωq. Then Tijpσrsaq P H for any i, j P Θhb, i ‰ ˘j, σ P H,
r, s P Θhb, r ‰ ˘s and a P I
7.
Proof. Choose a t P Θhb such that t ‰ ˘r,˘s. Let a0 P I and set
τ :“ rσ´1, Ttrp´σ¯rsa¯0qs P H.
Let J be the involution invariant ideal generated by the set ta0σrsσ¯rr, a0σrsσ¯r,˘tu.
Clearly
τtt “ 1´ σ
1
ttσ¯rsa¯0σrt ` σ
1
t,´rλ
pǫprq´ǫptqq{2σrsa0σ´t,t
“ 1´ σ1tt σ¯rsa¯0σrtlooomooon
PJ
`λ´ǫptq σ¯r,´tσrsa0loooomoooon
PJ
σ´t,t
” 1 mod J
and
τtr “ ´σ
1
ttσ¯rsa¯0σrr ` σ
1
t,´rλ
pǫprq´ǫptqq{2σrsa0σ´t,r ` τttσ¯rsa¯0
“ σ1tt σ¯rsa¯0σrrlooomooon
PJ
`λ´ǫptq σ¯r,´tσrsa0loooomoooon
PJ
σ´t,r ` τttσ¯rsa¯0
” σ¯rsa¯0 mod J
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by Lemma 14. Hence τttτ¯tr ” σrsa0 mod J . By Lemma 44(ii) we have Tijpτtr τ¯ttaq P H
for any i, j P Θhb, i ‰ ˘j, a P I
6 whence Tijpτttτ¯traq P H for any i, j P Θhb, i ‰ ˘j, a P
I6 (because of Relation (S1) in Lemma 18). Since τttτ¯tra “ σrsa0a ` xa for some
x P J , we obtain the assertion of the lemma in view of Lemma 44.
Lemma 46. Let pI,Ωq be an odd form ideal and H a subgroup of U2n`1pR,∆q nor-
malised by EU2n`1pI,Ωq. Let pJ,Σq “ UpHq. Then EU2n`1pJI
10,ΩJI
10
min
q ď H.
Proof. Let σ P U2n`1pR,∆q and i, j, r, s P Θhb such that i ‰ ˘j and r ‰ ˘s. Fur-
thermore, let x, y P Jp∆q. The previous lemma implies that
(i) Tijpσrsaq P H for any a P I
7,
(ii) Tijpσr,´raq P H for any a P I
8,
(iii) Tijpσr0xaq P H for any a P I
8,
(iv) Tijpx¯µσ0saq P H for any a P I
8,
(v) Tijppσrr ´ σssqaq P H for any a P I
8,
(vi) Tijppσrr ´ σ´s,´sqaq P H for any a P I
8 and
(vii) Tijpx¯µpσ00 ´ σssqyaq P H for any a P I
9,
cf. the proof of Lemma 39. It follows that EU2n`1pJI
10,ΩJI
10
min q ď H in view of
Relations (S5) and (SE2) in Lemma 18.
Theorem 47. Let pI,Ωq be an odd form ideal and H a subgroup of U2n`1pR,∆q
normalised by EU2n`1pI,Ωq. Then
EU2n`1pUpHq ˚ I
10q ď H ď CU2n`1ppR,∆q, UpHqq.
Proof. The inclusion H Ď CU2n`1ppR,∆q, UpHqq holds by Proposition 32. It remains
to show the inclusion EU2n`1pUpHq ˚ I
10q Ď H . Because of Lemma 46 it suffices to
show (i) and (ii) below.
(i) TippQpσ˚sq ˝ aq
´ǫpiqq P H for any σ P H , i, s P Θhb and a P I
10.
(ii) TippppQpσ˚0q
.
´ p1, 0qq ˝ y
.
` py, zq
.
´ py, zq ˝ σssq ˝ aq
´ǫpiqq P H for any σ P H ,
i, s P Θhb, py, zq P ∆ and a P I
10.
The proof of (i) and (ii) above is essentially the same as the proof of (i) and (ii) in
the proof of Theorem 41 (of course one uses Lemmas 45 and 46 instead of Lemmas
38 and 39, respectively).
Theorem 48. Let pI,Ωq be an odd form ideal and H a subgroup of U2n`1pR,∆q
normalised by EU2n`1ppR,∆q, pI,Ωqq. Then
EU2n`1ppR,∆q, UpHq ˚ I
10q ď H ď CU2n`1ppR,∆q, UpHqq.
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Proof. See the proof of Theorem 42.
Theorem 49. Suppose that H ⊳d G where d is a positive integer and G a subgroup
of U2n`1pR,∆q containing EU2n`1pR,∆q. Suppose UpHq “ pI,Ωq. Then
EU2n`1ppR,∆q, UpHq ˚ I
kq ď H ď CU2n`1ppR,∆q, UpHqq
where k “ 10
d´1
9
´ 1.
Proof. See the proof of Theorem 43.
Remark 50. Let H , d, G, I and k be as in Theorem 49. Then Theorem 49 asserts
that
EU2n`1ppR,∆q, UpHq ˚ I
kq ď H. (15)
Clearly (15) is equivalent to
UpHq ˚ Ik Ď LpHq (16)
Note that also LpHq Ď UpHq by Corollary 33 and hence one gets a “sandwich rela-
tion”. Moreover, one checks easily that (16) is equivalent to
UpHq Ď LpHq : Ik. (17)
Analogously one can reformulate the statements of Theorems 42, 43 and 48. For an
analogous reformulation of the statements of Theorems 41 and 47 one should change
the definition of LpHq.
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